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Abstract-· ·Starting from the equations of general elastic nonlinear membrane theory in intrinsic
form, the equations governing the incremental state of stress in an orthotropic circular membrane
tube are derived and discussed. The tube is initially subjected to uniform internal pressure and to
longitudinal extension, which lead to large homogeneous deformation, Then some changes in
loading and/or geometry are considered, e.g. an additional load is applied, the shape of the boundary
is changed or a slit is formed in the membrane. These changes are regarded as small perturbations
on the initial homogeneous state of stress. The general form as well as some simplified forms of the
equations are presented, leading finally to a set of two equations in terms of two scalar potential
functions. Two different variational formulations for the problem are also presented, each of which
may serve as a basis for numerical treatment.

L INTRODUCTION

The field equations of the membrane theory of shells are formally derived by deleting the
stress couples from the equations of equilibrium, As a consequence, the transverse shear
stress resultants also vanish, and only the in-plane stress resultants (so-called membrane
forces) may assume nonzero values. There are two types of membranes: those which serve
as an "interior" approximation to the full shell model ("shell membranes"), and those
which model deformable sheets which cannot support moments and transverse shears
("ideal membranes"). For a discussion on the differences between the two types of
membranes, see Libai and Simmonds (988) and Libai (1992).

Many very thin and very flexible shells may be regarded as ideal membranes. These
include balloons, thin films, inflatable structures, biological membranes and textiles. In all
ofthese, nonlinear membrane effects dominate the behavior of the shell, so that the moments
and transverse shear forces are often considered negligible everywhere.

In this paper we consider a circular membrane tube, which is initially subjected to
combined uniform internal pressure and longitudinal extension, These result in a known
homogeneous state of stresses accompanied by large homogeneous deformation. Then
some changes in the conditions of the problem are considered, These changes may be in
the form of additional nonuniform applied loads, or of a local change in the geometry, e.g.
a small slit (crack) is introduced, the shape of the boundary is slightly changed or a small
hole is punctured in the membrane. We seek the new inhomogeneous deformation and
state of stress in the tube.

The membrane material is taken to be hyperelastic. We do not specify the material in
detail, but require that if the tube is subjected to a large homogeneous deformation field,
then its deformed configuration would remain a circular tube, and that its incremental
elasticity from this state would be effectively orthotropic, with lines of symmetry coinciding
with the directions of the generators and circles. Materials which are isotropic in the
undeformed state fulfil this requirement (Green and Zerna, 1968, Chapter 4), as well as
orthotropic materials.

The general equations of nonlinear membrane theory are fairly complicated (Gould,

1907



190X A. Lib"l dnd D. (ilVO!i

1987; Green and Adkins. 1970; Leonard. 1988; Libai and Simmonds. 1983; Steigmann,
1990; Libai. 1992) [n order to simplify them and make them more amenable for compu­
tation. we derive here approximate equations. by regarding the unknown state of stresses
in the membrane as a slI/a!! perturbation in the neighborhood of the known homogeneous
state of stress produced by the initial pressure and extension. [A similar procedure has been
used by Libai (1972) in a different eon text.] We also derive simplified forms of these
equations. In Part [[ of this paper (Givoli and Libai. 1994). we propose a numerical method
to solve the simplified equations. and we present the solution of some specific problems.

The outlinc of the paper is as follows. We start from the general equations of nonlinear
membrane theory in Section 2. Then. the useful approximate equations of small stretchings
in the neighborhood of a known state are mtroduced in Section 3. In this approximation,
the nonlinear terms in the incremental qrains are neglected. but all of the nonlinear
curvature terms (both normal and geodeSIC) are retained. In Section 4, the equations are
specialized to the cylindrical mcmbrane. with the homogeneously deformed cylinder serving
as the known reference configuration. The set of equations thus obtained is still highly
nonlinear.

To obtain a more managea ble first approximation to the state of stress in the perturbed
tube, lincari::alioll about the homogeneous state is performed in Section 5. The linearization
process will be performed in stages. It is our intention to show in the process some partly
liflcari::cd theories which find important uses in membrane analysis. Of these, the more
important one is the incremental "small-strain-hnite-rotation" theory, where linearization
is performed on the incremental strains and incremental constitutive relations. but not on
the curvatures. It should be emphasized that the curvatures are not constitutively related
to the stress resultants or strains, and therefore the assumption of small incremental
curvatures is an uddiliollu! assumption beyond that of small incremental strains. Thus, one
might have a case of virtually zero strains ulld large changes of curvature. as is evidenced
by the case of (almost) inextensional deformations (recall the deformation of a sheet of
paper l ).

Finally. we arrive at the complete linearization. This is a rather crude approximation,
but it still brings forth the essential features of the problem. In Section 6. we introduce two
scalar potential functions: the stress function and the curvature function. Then we recast
the linear set of equations obtained previously as a set of two partial differential equations
expressed in terms of these two potential functions. or alternatively as a single sixth-order
equation in terms of the stress function.

The latter equations arc reasonably convenient for analysis and further simplifications
arc not c,sentia 1. How('\cr. in Section 7 we consider for illustrative purposes some sim­
plifying assumptions. namely the assumption of small strains at the homogeneous state and
the assumptions associated with Donnell's theory. These assumptions have the effect of
preserving the general I'orm of the equations while "symmetrizing" them and simplifying
their cocllicients. As a special case. the equations for the isotropic material arc also given.
[n Section 8 we discuss the deformation and the appropriate boundary conditions for the
general equations and for the ,implified equations.

We remark that in Libai (1972). the author has already considered a perturbation and
linearization process for membrane ,hells. and applied it to noncircu!ar cylinders. However,
his procedure wa, confined to linear isotropic materials and a scalar curvature potential
was nol introduced. This limited the applicability of his method.

In Section 9 we introduce two variational formulations. The first is based on the weak
form of the equation, derived in Section 6. This weak form is nonsymmetric, but becomes
symmetric \vhen the Donnell approximation (considered in Section 7) is also used. In the
latter case. a variational principle is presented as well. The second variational formulation
is based on rhe principle 01' total potential energy. It is applicable only to the simplified
problem based on Donnell's approximation. and it is slightly more complicated than
the first variational formulation. 11owever. it enables the use of more general boundary
conditions. with ckar physical interpretation. Both variational formulations may serve as
the starting POll1t for a Calcrkin approxim<ltion method. We close with some concluding
remarks in Section 10
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In Part II of this paper, a numerical method based on the finite element approach is
devised for the solution of incremental tube problems. Several examples involving non­
uniform loads and boundary disturbances are worked out, and a more general treatment
of the attenuation of boundary disturbances is given.

2. NONLINEAR MEMBRANE THEORY

In this paper we use the intrinsic approach to shell theory. In this approach, the use of
the position vector, displacement and displacement gradients is avoided, and the intrinsic
properties of the deformed membrane surface-metric axil and curvature b,/,-are used
directly as deformation variables. To these are added the Cauchy (or Kirchhoff) stress
resultants n"fJ (or N,/I). Some advantages of the intrinsic method are considered to be its
simpler formulation in highly nonlinear problems and the ease of introducing specialized
theories. It is widely used in theoretical shell analysis but less so in numerical analysis.

The other method of analysis, which is very widely used in three-dimensional solid
mechanics and also finds extensive use in numerical shell analysis, is the displacement
approach. Here, the position, displacements and displacement gradients are used to for­
mulate the problem (Hughes and Pister, 1978; Ibrahimbegovic and Gruttmann, 1993). We
shell not dwell on the merits and demerits of the approaches, but, as a rule, the displacement
approach is more suitable to the numerical analysis of general shell systems, whereas the
intrinsic approach appears to be more efficient in some specific problems where approxi­
mations related to the problem at hand may lead to great simplification.

The basic field equations of the intrinsic approach have the tensorial form (Gould,
1987; Green and Adkins, 1970; Leonard, 1988; Libai and Simmonds, 1983):

n"/! II x + pi! = 0 (tangential equilibrium)

n,/lb,fJ +Pn = 0 (normal equilibrium)

1:;l1;'b,/1 = 0 (compatibility; Codazzi)

(I)

(2)

(3)

(4)

All quantities and tensorial operators in the equations are referred to the deformed con­
figuration. The summation convention with respect to repeated indices is enforced. A
vertical double-bar denotes covariant differentiation and a comma denotes partial differ­
entiation. In eqns (1)-(4), eli is the surface permutation tensor, the q/ are the Christoffel
symbols and (P\Pn) are the components of the loading vector,

To complete the equations, constitutive relations must be appended, which relate the
stress resultants n'/! to the metric components aa/!' Here we consider the relations cor­
responding to a hyperelastic material. We let Ex/I be the Green strain tensor,

(5)

where the a:fJ are the metric components in the initial (undeformed) configuration. Also,
we let ii>/J be the Kirchhoff stress resultant component measured per unit undeformed
length, but in deformed directions,

(6)

Here, a = det(a>iJ) and a* = det(a:Ii)' Finally, we let W(E,/!) be the strain energy density
function, per unit undeformed area. Then the hyperelastic constitutive equations have the
form:
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(7)

In this paper, we assume that wrinkle fields are not formed in the membrane. This is
accomplished by restricting the shell thickness h, if necessary, to h < hen where her is the
critical thickness of local compressive (or shear) buckling for the case at hand. For the
general problem of wrinkle fields, see Steigmann (1990).

Equations (1 )-(4) and (7) are a set of nine equations in the nine field variables n'P, b,p
and a.p. Together with appropriate boundary conditions, they constitute a mathematical
problem in general terms. The data needed for the nonlinear membrane problem are the
surface loading (in the deformed directions), conditions on the deformed boundary (shape
or tractions), specification of the material (in the form of a strain energy density function
W) and the metric of the undeformed membrane. It should be emphasized that, except for
its metric, the undeformed configuration is not needed at all in the analysis of an ideal
membrane. (As an example, a sheet of paper can be bent prior to loading into a tube of
whatever cross-section, or even squeezed into a square package, and still have the same
deformed configuration after the loading is applied.)

3. INCREMENTAL APPROACH

In most cases the shell equations are expressed either with respect to the undeformed
configuration, or with respect to the current (deformed) configuration, as in eqns (1)-(4).
However, sometimes it is useful to express the equations with respect to a certain known
deformed state, which will be termed the reference state. Thus, there are three distinct
states: the undeformed (initial) state, the reference state and the deformed (final) state.
Referring the equations to the reference state is not associated by itself with any approxi­
mation; it merely leads to a new set of equations which is equivalent to the original one,
only expressed in a different manner. Of course, it is tacitly assumed that the three states
can be joined by suitable equilibrium paths in the solution domain.

In some cases it is justified to regard the deformed state and the reference state as
neighboring states, in that the increments in the metric between the two states are small.
This makes it possible to suppress the nonlinear terms in the incremental strains. The
procedure is explained in Libai and Simmonds (1983) and Libai (1972). Here we apply it
to the membrane equations (1)-(4). Note that while we drop the nonlinear stretching terms
in the incremental metric, we retain all the nonlinear terms associated with changes in the
normal and geodesic curvatures, multiplied by the stress resultants as well as the nonlinear
terms in the curvatures. Thus, although the procedure leads to substantial simplification
compared with the most general system, the equations still remain highly nonlinear.

In order to write eqns (1)-(4) in terms of the known reference state, we first define e,p

to be the incremental strain component and Nail to be the (contravariant) components of
the stress resultant tensor at the current configuration, but per unit length of the reference
state, i.e.

(
a*)1/2

I ( -) .!\f'i! = a N-all .exlJ = :2 axil - axil' . (8)

Here the a,p are the metric components in the reference state and a = det (aap), Then eqns
(1)-(4) are reduced to the following form (Libai and Simmonds, 1983; Libai, 1972):

(9a)

(9b)
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Fig. I. Geometry of the membrane tube and applied loads in the reference (homogencously
deformed) configuration.

(10b)

Here, a single vertical bar indicates covariant differentiation with respect to the metric a'il

of the reference state. Also, the loads pi! and Pn are measured per unit area of the reference
state, and K is its Gaussian curvature.

Equations (9) and (10) are accompanied by hyperelastic constitutive relations anal­
ogous to eqn (7), which relate e,li to N'P. These can also be linearized with respect to the
incremental strains by using a formal expansion of the the derivatives of the strain energy
density Wabout the reference state. We use the subscripts (2) and (1) to denote quantities
evaluated at the final and reference states, respectively. Then,

( OW) (OW) (02
W )'-~ = -- + ----- e +U'

oE'I! (2) oE,p (I) cE'llcE,,\ II)') ,

(I J)

where in the linearized case we suppress the remainder .11. Now we multiply through by
(a*/a)12, so that all quantities are measured per unit length ojrhe reference sUI/ace. Then
we get from eqn (11) the linearized constitutive equation,

(12)

Here N~(I) = (a*/a)J2(oW/oE,p)(IJ are the (known) Kirchhoff components of the stress
resultant tensor at the reference configuration, and = (a* ja) 12(02 TV! DExI1r:E,,) (I) are the
elastic coefficients at the reference state. Note that these coefficients arc functions of the
known strains of the reference state. The symmetry property ,~Yli,,\ = s'hli follows from the
definition, but the linearized constitutive equations (12) need not be isotropic even if the
undeformed material is.

Equation (12) can be substituted back into eqns (9) and the results linearized in the
incremental strains. To avoid excessive rewriting, we defer the substitution to a later stage.
A special variant of the equations is obtained by suppressing the strains in eqns (9) and
taking the N'P to be "reactive resultants." This is the so-called "membrane inextensional"
behavior which has important applications. We shall not develop this case here.

4. THE MEMBRANE TUBE PROBLEM-INCREMEJ\iTAL FORMULATION

Now we state the specific problem under consideration. We arc given a circular
membrane tube with the initial dimensions ofJength L(h thickness ho and radius R(h subjected
to a uniform internal pressure Po (per unit deformed area) and a pulling force T. such that
its dimensions after loading are L, hand R (see Fig. 1). The inequality h/}' « I is assumed
to hold, so that the membrane may be regarded as very thin.
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The material of the mem hrane is taken to he homogeneous, hyperelastic and ortho­
tropic, with lines of material symmetry coinciding with the generators and circles of the
tube. The deformation due to pulling and pressurization may be large, but is homogeneous,
so that there is no inherent difficulty in calculating L, hand R. It is assumed that such
analysis was done, so that L hand R are available.

At this stage, we consider some changes in the conditions of the tube. To fix ideas, we
look at two types of changes:

(a) Additional pressure loading p is applied on the tube. This load is not uniform, and
may be positive or negative (or zero) at different locations on the tube surface.
Also, we allow p to be nonsmooth. In fact, later we shall consider applied con­
centrated point forces (see Part II: Givoli and Libai, 1994), by using p which is
the Dirac delta.

(b) Local change in the geometry is introduced. For example, a small slit (crack) is
formed, the shape of the boundary is slightly changed or a small hole is punctured
in the tube.

These two types of changes may occur separately or in a certain combination. We assume
that the total additional load is scl{cquilibraled. These changes lead to a new configuration.
associated with an inhomogeneous deformation and a new state of stress. We seek this new
configuration, within the framework of nonlinear membrane theory.

Now we speci~ili/e eLJIlS (9) and (10) to the tube problem under consideration. The
homogeneously deformed stale of the tube. under combined tension and pressurization, is
chosen to be the reference state. The final state is produced by the additional loads and lor
change in geometry. The loading in the present case is iF = 0, Pn = - (Po + p) per unit
reference area. [n the case of a slit. it is realized that large strains may develop close to the
corners of the slit, but the final state may still be regarded as an approximation in the sense
of linear elastic fracture mechanics.

The material coordinate system on the cylindrical surface is denoted by (x, s), where x

and s are distances at the reference state along the generators and parallel circles. respectively
(see Fig. I). With this choice. the metric of the reference state is Cartesian, and il"li = 5"11

(Kronecker's delta). Also, K = 0, and partial derivatives replace covariant derivatives. With
this in mind. eqns (9) and (10) become

NUb,., +2N"h,,+N"b,s = Po+p

hub" -b\.\b\.\+e".ss+e,,·.n-2e.... xs = 0.

(13)

(14)

( 15)

(16)

(17)

(18)

Equations (13) (18) arc accompanied by three constitutive equations relating C"., c '" c", to
N", N", N", as discussed before. This constitutes a system of nine equations with ninc
unknown variables.

5. LlNLARIZATlON

Even in thc simplificd form of cqns (13) (18), the problem is very complicated both
analytically and numerically. due to the presence of highly nonlinear efrccts. Further
simplification can be achieved by assuming that the increments from the reference state
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are sufficiently small so as to permit complete linearization in these increments. This
approximation, although far from being exacL preserves the main features of membrane
behavior and facilitates the application of analytical and numerical techniques to the
reduced problem. The approach of "small deformations superposed on large" [see Green
and Zcrna (1968, Chapter 4)] has many applications in nonlinear mechanics, and has been
used to investigate stability and vibration of membranes in Budiansky (1968), Koga (1972),
Shield (1972) and Needleman (1976).

To perform the linearization, we first define the incremental stress resultants and
curvatures as the differences between the values of these variables at the final state and the
corresponding values at the reference state:

Here.

.Ny = 11/ x., - P, , lv, = IV" - P,. N, = IV's-O

I
K, = b,s- R' '" = h,,-O.

(19)

(20)

T
P =--

\ 2rrR P, =p"R (21 )

are the known stress resultants due to the applied tension and pressure loads. respectively,
per unit length of the reference state. [Note that the Ps in egns (21) are in fact the quantities
denoted N~{\ in eqn (12).] The incremental strains were already defined in eqn (8), but we
also introduce the notation.

(22)

Now we substitute eqns (19)-(22) into eqns (13)-( 18) and drop nonlinear terms. This yields

(N, -PJ:,+P\D\)., +(N,+P,~',,)~, = 0

(N.,-P\B\+PJ:s).\+(N,+P\~'\.,) ..\ = 0

1
P,K\+P,K,+ - N,+N,/(\+N,K, +2N,/(, = PR .- ~--_. ---

(23)

(24)

(25)

(26)

(27)

(28)

In eqns (25) and (28) we show some underlined nonlinear terms which form the basis for
a small-sfrain~finite-rotation incremental theory. We shall refer to these terms in the sequel.
However. for a complete linearization we shall drop these terms from now on.

We also linearize the constitutive equations (7). namely we consider linear relations
between the incremental stresses and strains. Again. this is justified if the reference state
and the final state are sufficiently close to each other. In the present case, due to the
orthotropic properties of the tube material and the homogeneous nature of the reference
state, we have the relations
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}'n = (':1'1,.

(29)

(30)

(31 )

Here c" c,. c,,, c" and c{ are given elastic coefficients ("compliances") which are functions
of the strains of the reference state (the latter may be large). For homogeneous materials
and homogeneous deformations of the reference state. these coefficients do not vary with
position. The matrix of these c coefficients is in fact the inverse of the matrix of the s
coefficients in eqn (12) and is. therefore, symmetric. This symmetry property is not preserved
for many other measures of incremental stress. An example for Cauchy stresses is given by
Green and Zerna (1968. Chapter 4). A more general discussion is given by Sima and Pister
(1984). A discussion of materials having the property of coincident directions of stress and
strain is given by Ibrahimbegovic and Gruttmann (1993).

Equations (23) (31) are nine linear equations in the nine incremental variables defined
in eqns (19), (20) and (22). For P, and P, of the same sign (which is assumed here), the
linearized form constitutes a sixth-order elliptic system. It is important to emphasize that
although this system is linear. it does reflect the "nonlinear behavior" of the membrane
through the appearance of the initial loads P, and P, in the coefficients of eqns (23)(25).
This became possible only due to the introduction of the reference state in the previous
section. In contrast, the direct full linearization of the membrane equations (1)(4) and (7)
around the undeformed .1 tate would fail to capture any nonlinear effects.

We also remark that in the axisymmetric case, eqns (23)-(31) are independent of sand
reduce to a single second-order differential equation in x (plus two quadratures). However,
we shall be concerned with the more general situation.

6. STRESS AND CURVATURE FUNCTION FORMULATION

Now we recast eqns (23 )--(31) as two equations in two unknown scalar functions. or
as a single sixth-order equation. To this end, we introduce the stress function 4) and the
curvature juncl ion If;. defined by the relations

lV t = -cP,xs K{::::: t/J,xs· (32)

Other choices are possible too. but they lead to equivalent results. We use eqns (29)-(31),
(23), (24) and (32). and after some algebra we obtain the following expressions for the
incremental stress resultants and strains:

1;, = /3,cP. II - f3"cP ..u

(33)

(34)

(35)

(36)

r.y.\ - (37)
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Based on these results, we get expressions for the curvatures from eqns (26) and (27) :

The coefficients in eqns (33)-(39) are defined as follows:

1915

(38)

(39)

(40)

I
X n = D (I +Pyc,)a,.,

I
X.I " = D (1 + P,cJay (41)

a, = PIC, +P,c" , as = PIC, + P,cyS ' D = I +a,+a,. (42)

(43)

(44)

With these definitions, it is easy to verify that eqns (23), (24), (26), (27) and (29)-(31)
are all satisfied identically. This leaves out eqns (25) and (28). The former, which is an
equilibrium equation, yields

(45)

where

Equation (28), which is a compatibility equation, gives

(47)

Here, we use the "modified" biharmonic operator defined by

where the constant p is given by

p = c, - P,s - !3" .

(48)

(49)

Thus, the problem is stated by the two equations (45) and (47), in terms of the stress
function 1> and the curvature function t/!.

It is also possible to derive a single equation in 1>. This is done by applying each of the
operators PJP/ox2and P, o21ose separately to eqn (47), summing the two results and using
eqn (45) to eliminate P,t/! ,n, + P,·t/!.",s' The final result is

R
2
V;(P,rP.u + P,rP.s,) - (0:, + p,PJrP."n + P,·!3"rP.",s

+[P,(!3,,-jJ,s+c,)-o:,JrPu,s = -Rp.xX" (50)
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This is a sixth-order linear differential equation (with constant coefficients) in the stress
function. The coefficients are, of course, functions of the strains of the reference state. Note
that the second axial derivative of the pressure p appears on the right hand side of eqn (50),
whereas in eqn (45) only p itself appears. Thus, if p is not smooth in the x direction, the
two-equation formulation (45) and (47) may be advantageous.

In the substitutions leading to eqns (45) and (47), we deleted the nonlinear (underlined)
terms in eqns (25) and (28). Their retention would have resulted in a ¢-ljJ version of the
finite rotation incremental membrane theory, with additional nonlinear terms in eqns (45)
and (47).

7. FURTHER SIMPLIFICATIONS

Equations (45) and (47), or eqn (50), are the final equations proposed in this paper,
and should be used as the starting point for analysis. Further simplifications are not needed.
However, in this section we consider the equations that eqns (45), (47) and (50) reduce to
if one chooses to make some additional simplifying assumptions. These assumptions have
the effect of preserving the general form of the equations while simplifying their coefficients.
We emphasize that the simplifications considered here are illustrative but do not pose
restrictions on the theory developed above.

The most obvious assumption is that of small strains at the reference (homogeneous)
state, which applies in many cases. Mathematically, the products PiC! are assumed to be
much smaller than one, for all of P" P" c" C" C m Cn and Ct. These products are neglected
in the equations with respect to much larger terms, although they still remain in some of
the terms where they are the dominating factor. Thus, the inherent geometric nonlinearity
of the homogeneous state is retained. This situation in somewhat similar to that of simple
beam buckling, which is governed by the linear equation Elwli1j + Pw" = 0 ; even for small
strains there remains a "nonlinear effect" which is manifested by the term Pw". In the
present context, the coefficients (40)-(44) become

a, = P,C,+P,.C" , a, = P,c,+P,c"

f5, = c,. f3" = C\S, f5,x = C,x, Ps = CS '

Then eqn (50) reduces to

(51)

(52)

(53)

(54)

A more extensive simplification is achieved by making the assumptions associated with
Donnell's theory of shells (Donnell, 1976; Libai and Simmonds, 1988; Niordson, 1985). In
the present context the assumptions are

(56)

Thus, all terms but the first one in each of the parentheses of eqns (23), (24), (26) and (27)
are suppressed. This simplification is known to be justified in many (but not all) cases and
to preserve the essential features of shell behavior (Libai and Simmonds, 1988; Niordson,
1985). It leads to the following simple expressions for the stresses and curvatures which
replace (32)-(34), (38) and (39) :
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Using eqns (57) and (58), the two linear equations (45) and (47) reduce to

Also, eqn (50) reduces to

1917

(57)

(58)

(59)

(60)

(61 )

The results above hold for an orthotropic material whose constitutive behavior is given
by eqns (29)--(31). Now we specialize these results to the case of an isotropic material. In
this case, the elastic compliances in eqns (29)--(3\) are given by

I
C, = c, = Eh'

v
en = C n = Eh'

2(1 + v)
c =-----

! Eh'
(62)

where E is Young's modulus and r is Poisson's ratio. Then, it is easy to verify that eqns
(59)-(61) (for the orthotropic case) remain the same. except that the "modified" biharmonic
operator V: is reduced to (I/Eh)"..r. where V4 is the proper biharmonic operator.

8. DEFORMATlO"l AND BOU:--.iDARY CO:--.iDITIONS

After solving the mathematical problem stated above and finding the stresses in the
membrane tube, it is sometimes also desirable to obtain the displacements. This is quite
difficult to achieve in the most general case. However. if the final state is "close" to the
reference state in that the incremental rotations are also smaiL then the incremental tan­
gential displacement in the s direction, I'." and the incremental normal displacement, \t', are
related to the geodesic curvature K,I' and to the normal curvature K, via

(63)

where, in the present case,

(64)

Thus, the tangential and normal displacements may be obtained by twice integrating with
respect to x the geodesic and normal curvatures. respectively.

Now, if we adopt the Donnell approximation introduced in the previous section. then
we may use eqns (58) and (63) to conclude that the curvature function lj;(x, s) has in fact
the physical interpretation of the normal displacement, i.e. ifl = w. Note that even if the
Donnell approximation is not valid along the entire tube. it may be justifIed at and near an
edge which is fixed in the normal direction. Thus. one may represent such an edge by the
boundary condition lj; = O. In more general cases, when small rotations and displacements
cannot be assumed. the boundary conditions should be expressed in terms of strains and
curvatures. This can be done along the lines shown by Libai and Bert (1994).

Now we consider appropriate boundary conditions for the tube problem. We discuss
four different types of boundary conditions: those on each of the two edges. symmetry

SAS 32: 13-H
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conditions, the conditions on the boundary of a circumferential slit and those on the
boundary of a longitudinal slit. We consider these boundary conditions for the general
problems (Sections 2~4), as well as for the linearized problems (Sections 5--7).

8.1. Boundary conditions at the two edges
Suppose that on the two edges all the field variables assume their known reference state

values. Under the general theory [Sections 2~4, eqns (1)~(l8)], the appropriate boundary
conditions are n~ = Po n~ = O. Note that only two conditions are needed. This is due to the
"parabolicity" of the stress operator along the edge [see Libai and Simmonds (1983)]. On
the other hand, each of the simplified problems [Sections 5~7, eqns (19)-(62)] constitutes a
sixth-order linear elliptic partial differential system, and thus requires three boundary
conditions on each edge. The conditions B, = 0, K, = 0 and N, = 0 are acceptable, although
other conditions are possible too.

If the (¢, lji) formulation (59) and (60) is used, three appropriate conditions are

¢ = 0; ¢u = 0; lji = O. (65)

These conditions are those of a "diaphragm" (simple) support, which requires that no in­
plane distortions take place, and that the normal stress does not change. The actual
conditions are ".I = K, = N, = 0, but the use of eqns (33), (36) and (38) leads, after twice
integrating with respect to s, to eqns (65). These conditions also have some numerical
advantage [see Section 9 and Givoli and Libai (1994)].

8.2. Symmetry boundary conditions
Suppose that the tube may be divided into two halves in the longitudinal direction,

such that the plane x = L/2 is a plane of symmetry of the problem. Then, to reduce the
computational effort in a numerical analysis, only the half 0 ~ x ~ L/2 is to be considered.
On the edge ~Y = L/2, symmetry boundary conditions must be imposed. Acceptable sym­
metry conditions in the general case are n~ = 0 and either of n~., = 0 or n:., = O. In the
linearized incremental problem, the three conditions Nt = 0, Nu = 0 and N.", = 0 may be
used. In the (¢, lji) formulation (59) and (60), appropriate symmetry conditions are ¢., = 0,
¢.xu = 0 and lji, = 0 (see Section 9).

Similarly, suppose that the tube may be divided into two half-cylinders, so that the
plane that passes through the longitudinal lines s = 0 and s = nR is a plane of symmetry
of the problem. Again, it is beneficial to consider only half of the tube in the analysis, while
imposing symmetry boundary conditions on the two new boundaries. This case is analogous
to the previous one, with x and s interchanged.

8.3. Conditions on the boundary ofa circumferential slit
Suppose that one of the "geometrical changes" considered in Section 4 is in the form

of a small circumferential slit (crack), which is introduced on the surface of the tube. Here
we discuss the appropriate boundary conditions to be applied on the free boundary of such
a slit. Under the general theory, the two necessary requirements are n~ = n~ = O. A conse­
quence of these conditions [see eqn (2) or (15)] is that the equation

n:b; = Po +p (66)

is satisfied along the edge. This equation does not present a new independent condition.
In the linearized incremental case, the two requirements stated above become

N, = - P, and N, = O. However, eqn (66) leads to a third condition which is not satisfied
automatically. From eqns (66) and (l9)~(21), and after dropping the nonlinear term N,K"
we get
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(67)

Thus, we have three boundary conditions on the edge of the slit, which is the appropriate
number of conditions for a sixth-order system, as discussed previously. In the (¢, if;)
formulation (59) and (60), the three conditions become

1>,.1'.1' = - p.\-;
I

¢u = 0; P,if;",+ R¢'xx = p. (68)

It should be emphasized that near the edges of the slit the incremental stress resultants
are of the same order of magnitude as the prestressing itself, thus violating locally one of
the requirements of small deformations superposed on large. This effect is expected to die
out away from the edge. Thus, in the immediate neighborhood of the slit, the linearized
equations should be regarded as a first approximation only, and higher-order terms in the
perturbation expansion about the reference configuration are needed if a more accurate
analysis is desired (Libai, 1972, p. 929). The problem is of lesser importance if the pre­
stressing strains are small.

8.4. Conditions on the boundary ola longitudinal slit
Now consider a small slit in the longitudinal direction. Formally, this case is similar

to the previous one. Under the general theory, the two necessary requirements are
n: = n; = O. A consequence of these conditions [see eqn (2) or (15)] is that the equation

n~b~ = Po +p (69)

is satisfied along the edge. As in the case of eqn (66), this equation does not present a new
independent condition. However, it has an important physical implication; it states that
along the boundary of the slit the entire pressure loading has to be balanced by the
longitudinal stress resultant n~ alone. Neither it nor the curvature b~ can vanish along the
boundary. It should be noted that b: = 0 in both the undeformed and reference (homo­
geneous) states. Therefore, equilibrium of the slitted shell cannot be maintained in these
geometries, and additional deformation, in the form of "opening" and "bulging", must
take place before equilibrium is reached. The implication is that the state of stress near a
longitudinal slit cannot be solved by standard linear membrane theory even as a first
approximation, since the inclusion of nonlinear effects is crucial in this case. Note that this
difficulty does not occur in the case of a circumferential slit.

We note that the "opening" deformation around the slit is responsible for the presence
of an unbalanced force. Thus, balancing forces must be introduced at other locations of
the tube. One way to introduce such balancing forces is by applying appropriate incremental
pressure p, possibly in the form of "reaction" concentrated forces. Another possibility is to
consider an additional longitudinal slit, diametrically opposite to the first slit, so that the
forces exerted by the two slits balance each other.

In the linearized incremental case, the two requirements become N, = - PI' and N, = O.
Equation (69) leads, after we drop the nonlinear term N,K" to the third condition,

P,K, = Po +p.

In the (¢, l/J) formulation (59) and (60), the three conditions become

(70)

(71)

The remarks made at the end of Section 8.3 are valid for this case too. However, due
to the bulging problem, a second perturbation based on the small-strain-finite-rotation
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version [eqns (23)-(28), with the underlined nonlinear terms retained] would be desirable
even if the prestressing is small.

9. VARIATIONAL FORMULATiONS FOR THE TUBE PROBLEM

In this section we present two variational formulations for the membrane tube problem,
expressed via ¢ and if;. Both formulations may serve as the starting point for a Galerkin­
type approximation method. To fix ideas, we assume that the tube is circumferentially
"complete", namely contains no slits or holes, and that there are no discontinuities around
the circumference. Partly open tubes require additional boundary "jump" terms along the
generator boundaries which we take to be zero here. We also assume that the "diaphragm"
boundary conditions (65) are imposed on the two edges. Later we shall also consider other
boundary conditions.

We denote the domain of the tube by D. We also define the two functions spaces
,y¢[D] and ,Y,p[D] by

(72)

(73)

Here Hn is the nth-order Sobolev space, containing all functions which are in L2 (i.e. square
integrable), and whose derivatives up to order n are also in L 2 . Note that the smoothness
requirement built in the space //,p is weaker than that built in the space ,Y¢.

9.1. First variationalformulation
The first variational formulation is based on the weak form ofeqns (45) and (47). For

convenience, we define the following forms:

B(ep,if;) = -J~ ep,iif;·,dD
IJ

D(Jjj,¢) = -f (Jjj.,q,¢.,+JjjAs¢.JdD
D

F(Jjj) = f JjjpdD.
{)

(74)

(75)

(76)

(77)

(78)

The forms (74)-(77) are symmetric and bilinear, and eqn (78) is linear. Now we consider
the problem of finding ¢ E'y¢ and if; E.C/", which satisfy

A(ep,¢)+B(ep,if;) = 0 VepEY,p,

D(Jjj,¢)+C(Jjj,if;) = F(Jjj) VJjjE'y,p.

(79)

(80)
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It can be shown that this problem is the equivalent weak form of the problem consisting of
eqns (45), (47) and (65).

Note that the problem (79) and (80) is not symmetric, in that the forms B (-,.) and
D (-,.) are different. Therefore, this problem does not necessarily lead to a variational
principle. One may say that the governing equations (45) and (47) are not "variationally
consistent." However, the Galerkin approximation method may be applied to eqns (79)
and (80) with no dimculty, resulting in a linear algebraic problem with a nonsymmetric
coefficient matrix.

Now we consider the simplified case where the assumptions associated with Donnell's
approximation are assumed to hold. Then eqns (45) and (47) are replaced by eqns (59) and
(60). In this case, the weak form of the problem still consists of eqns (79) and (80), but
with some modifications in the bilinear forms A(·, .) and D (', '). More specifically, eqn (74)
is replaced by

and eqn (77) is replaced by

D(t[J, ¢) = B (t[J, ¢). (82)

We remark that in the isotropic case [see eqn (62)], the definition of the A(¢, ¢) in eqn (81)
simplifies to

(83)

Note that in the simplified case, the problem (79) and (80) is symmetric (self-adjoint)
owing to eqn (82). Therefore, it is possible to recast it as the problem of finding stationary
points of a functional. To this end, we define the functional ff, whose arguments are the
functions ¢ E g ¢ and l/J E /fib:

.~[¢,l/J] = iA(¢,¢)+~C(l/J,l/J)+B(¢,l/J)-F(l/J). (84)

Taking the first variation oL~ with respect to ¢ and to l/J and requiring that these variations
vanish, yields eqns (79) and (80). As a consequence, the pair (¢, l/J) which makes ff
stationary is the solution of eqns (59), (60) and (65). In other words, eqns (59) and (60) are
the Euler-Lagrange equations for the problem of finding the stationary points of the func­
tional ff, and ¢,xx = 0 [see eqn (65)] is a natural boundary condition. From a mathematical
standpoint, ff is a Hellinger-Reissner type of integral; it has a single stationary point,
which is a saddle point (Sewell. 1987).

9.2. Second variationalformulation
The second variational formulation that can be used for the tube problem is an

incremental variant of the mixed principle considered by Libai and Bert (1994), which is
based on the principle oftotal potential energy. It is applicable only to the simplified problem
(59) and (60) based on Donnell's approximation, and it is slightly more complicated than
the variational formulation considered above, On the other hand, as we shall see in Section
9.3, it enables the use of more general boundary conditions, with clear physical interpret­
ation. The latter reduce to those of small displacement theory when the incremental dis­
placements and rotations are small.

The general form of the incremental functional is
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(85)

where U* = ~(N,£,+NJ,+N,y,s) is the incremental complementary energy (stress energy)
measured from the reference state, N'P = (N" N" Nt) are the incremental stress resultants,
b,/I are the curvatures in the reference configuration, and p,/i = (Pu P,., PI) are the stress
resultants in the reference state. All quantities in eqn (85) are expressed in terms of ¢ and
1jJ. In the present case, IT* reduces to

where

IT *[¢, IjJ1= ~A *(¢, ¢ ) + ~ C (1jJ, 1jJ) + B *(¢, 1jJ) - F( IjJ ), (86)

(88)

and where C(-,·) and F(·) are as defined in eqns (76) and (78).
Taking the first variation of IT* with respect to ¢ and to IjJ and requiring that these

variations vanish, yields eqns (79) and (80), with A (;p, ¢), B ({j;, 1jJ) and D (1jJ, ¢) replaced
by A*({j;, ¢), B*({j;, 1jJ) and B*(¢, 1jJ), respectively. As in the first variational formulation, it
can be shown that the pair (¢, 1jJ) which makes IT* stationary is also the solution of eqns
(59), (60) and (65).

9.3. Essential and natural boundary conditions
It is also interesting to disregard the chosen boundary conditions (65), and to inves­

tigate all the essential and natural boundary conditions associated with the functionals :JF
in eqn (84) and IT* in eqn (85).

The boundary conditions on the edges x = 0, L associated with the functional :JF in
eqn (84) are:

¢prescribed(essential) or Rf3,¢.xx,+R~¢.sS\+IjJ,=O(natural) (89)

¢.\ prescribed (essential) or Rf3s¢.xx+R~¢\S= 0 (natural) (90)

I
IjJ prescribed (essential) or P,IjJ., + R¢" = 0 (natural). (91)

We see that conditions (65) are indeed a subset of these boundary conditions; ¢ = 0 and
IjJ = 0 are essential conditions, whereas ¢." = 0 is the same as the natural condition in eqn
(90), since ¢ = 0 implies ¢.s, = 0 on the edge. Similarly, the symmetry boundary conditions
mentioned in Section 8.2 are also a subset of conditions (89)-(91). In the isotropic case [see
eqn (62)), conditions (89) and (90) simplify to
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¢ prescribed (essential) (92)

¢" prescribed (essential) or V2 ¢ = 0 (natural), (93)

while conditions (91) remain unchanged.
The essential boundary conditions in eqns (89) and (90) have a simple physical

interpretation; prescribing ¢ and ¢.x amounts to prescribing N, and Nt, respectively [see
eqn (57)]. In the small displacement case, !/J is equal to the normal displacement w (see
Section 8), and so the essential boundary condition in eqn (91) means that w is prescribed.
On the other hand, the natural boundary conditions in eqns (89)-(93) do not have any
clear physical meaning, except as noted above.

The boundary conditions on the edges x = 0, L associated with the functional I1* in
eqn (85) are:

¢ prescribed (ess.) (94)

¢, prescribed (ess.) (95)

!/J prescribed (ess.) or P,!/J.x = 0 (naL). (96)

The essential boundary conditions in this case are the same as in eqns (89)-(91). However,
the natural boundary conditions in eqns (89)-(91) are different from those in eqns (94)­
(96). The latter have clear physical interpretation, namely,

I
(94) (naL) => E,.x -(u,s + R !/J.x = 0 [=> v, = 0]

I
(95) (nat.) => E, + R!/J = 0 [=> v, = 0]

(96) (nat.) => P,!/J.x = 0 [=> P,w" = 0].

(97)

(98)

(99)

The conditions in square brackets are the small displacement conditions, which are obtained
by substituting C:s = v,s-wjR; !/J = w; Yes = us,x+v,." The results for Ux and v, agree with
those of linear membrane shells, and that for P,w, with that obtained for loaded shells.
The second column in eqns (97}-(99) gives their intrinsic equivalents for the small-strain
finite-displacement case. Note that the essential boundary conditions on ¢ and ¢,x in eqns
(94) and (95) and the natural condition in eqn (96) are "equilibrium conditions," while the
essential condition on !/J in eqn (96) and the natural conditions in eqns (94) and (95) [cf.
eqns (97), (98)] are "kinematical conditions."

The natural condition (99) requires that either the edge is supported or the direction
of the edge conforms with that of the applied edge force. The condition disappears when
PI = 0 and only two conditions remain. If a third condition is required (as in the case of a
slitted tube), then it should be sought elsewhere (see Sections 8.3 and 8.4).

10. CONCLCDING REMARKS

In this paper we have presented a sequence of theories, with increasing order of
simplification, for the nonlinear analysis of clastic membrane tubes. The approach was
based on the linearization of the field equations about a known homogeneous reference
state. This approach has led to a linear sixth-order system of equations, although the
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essential nonlinear effects of the membrane behavior were preserved. These equations are
expressed via the stress function el) and the curvature function l/J.

We presented two variational formulations for this simplified problem. The first one
is more generaL in that it can be extended to deal with the problem governed by eqns (45)
and (47). However, the second variational formulation includes more general boundary
conditions, with clear physical interpretation. Each of the variational formulations may
serve as a good basis for a classical Galerkin or finite element solution method. In fact,
eqns (79) and (80) have the standard form of a mixed-type variational formulation which
is often attacked by mixed finite clement techniques. If the finite element method is
employed, one may use rectangular clements with Hermite-cubic shape functions for rjJ and
linear shape functions for ~/. Such an clement would have 20 degrees of freedom [rjJ; rjJ,x;
rjJ,; rjJ,s; l/J at each of the four nodes; sec e.g. Johnson (1987)]. This is the simplest
conforming clement that can be used in conjunction with the proposed variational prin­
ciples, and it involves significant computational effort. Therefore, in Part II of this series
(Givoli and Libai, 1994) we shall usc another solution technique. However, in doing this
we shall have to restrict ourselves to tubes that do not contain slits or holes.

The problem of a small longitudinal slit in a membrane tube is a most interesting and
difficult one. We have seen in Section 8.4 that this problem cannot be solved using standard
linear membrane theory (as opposed to the case of a circumferential slit), and thus the
approach proposed here seems most promising. We think that eqns (59) and (60) [or (61)]
arc a good starting point for an analytic or numerical analysis in this case. However, the
presence of singularity at the tip of the slit adds a lot to the complexity of the problem, in
two respects. First. one has to determine the correct form of singularity. Second, if a
numerical scheme is employed, the singularity must be taken into account in the scheme.
This may be done, for example, by appropriately refining the finite clement mesh in the
singularity region, but then elements other than rectangular ones must be used.

We have looked into the question regarding the nature of the singularity at the tip of
the slit (in the isotropic case). We write ep ~ Ar'l and l/J ~ Br1i as r ---> 0, where r is the distance
from the tip, and we seck the values of the exponents v. and p. From a purely mathematical
standpoint. and assuming that we accept the variational formulation of Section 9.1 as our
starting point, all the integrals appearing in eqns (74)(77) must exist. This implies v. > 1
and [I > O. It is possible to pose the problem of finding v. and p as an eigenvalue problem
and to obtain an infinite sequence of eigenvalues. The smallest ones that satisfy v. > I and
f3 > 0 are v. = 3;2 and fJ = 1/2. However. to establish that these indeed are the correct
powers, one has to find an appropriate physical interpretation to the arguments made
above.

Finally, we remark that the linearized equations obtained here, after linearizing the
membrane equations about the known homogeneous state, may be viewed as the leading
term in a perturbation series around the homogeneous state. Thus, it is appropriate to
investigate the higher-order terms in this series in order to improve the approximation.
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